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Notations

We will work over Q just to simplify notations.

– X → Spec(Z) will be a reduced projective arithmetic variety and L will
be an hermitian relatively ample line bundle over it.

– X will be the generic fibre of X which will be supposed to be smooth of
dimension N ≥ 2.

– M will be a non compact Riemann Surface and U be a relatively
compact open set on it.

– f : M → X (C) will be a holomorphic map with Zariski dense image.
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Notations

For every positive real number T , we are interested in understanding the
following set:

SU,f (T ) := {z ∈ U / f (z) ∈ X (Q) and hL (f (z)) ≤ T}

In particular, we want to estimate, in terms of T , its cardinality:

AU,f (T ) := CardSU,f (T ).

when T → +∞.
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Bombieri – Pila

A cornerstone Theorem in this direction is the Bombieri – Pila Theorem:

Theorem (Bombieri –Pila)

For every ε > 0, we have that

AU,f (T )�ε exp(ε · T )

where the involved constants depend on ε, f , L etc. but they are
independent on T .
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Polynomial bounds

In the last years many people studied the following problem:

Question

Can we give conditions (on M, on U, on f etc) in order to obtain that

AU,f (T )� P(T ) ∀T ∈ R≥0

Where P(T ) ∈ R[T ] is a fixed polynomial in T?
In this case we say that ”we have polynomial bound”.
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Polynomial bounds

The literature on the problem is quickly becoming huge. We quote just
some of the results:

– Masser found some results related to ζ(z);

– Boxall and Jones found some conditions on the growth of entire
functions which imply the polynomial bound when f is the graph of a
transcendental entire function;

– Comte and Yomdim found some conditions on the Taylor expansion of a
holomorphic function which imply the polynomial bound for its graph;

– Binyamini proved the polynomial bound for the graph of a
transcendental function verifying a differential equation;

– Schmidt proved the polynomial bound for the graph of elliptic functions;

– Villemont (student of Comte - Thesis which will be defended in
november 2018) proved the polynomial bound for graphs of fuchsian
functions.
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Polynomial Bounds

– Examples by Pila and Surroca (independently) show that Bombieri –
Pila Theorem is optimal.

In particular Surroca proves this:

Let ϕ(x) be a real function such that ϕ(x)
x → 0. Then there exists an

entire transcendental function h : C→ C with the following properties:

– For every α ∈ Q and for every n ≥ 0 we have that h(n)(α) ∈ Q(α);
– if f : C→ C2 is the graph of h and U = {|z | < 1} then, there exists a
sequence of positive integers (Nk)k∈N such that:

AU,f (Nk) ≥ exp(2ϕ(Nk))

2
.

The proof is similar to the construction, by Stäckel (1895), of entire
functions whose value at algebraic points is algebraic.
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Polynomial Bounds

Observe that in the examples by Surroca, one can say that the number
AU,f (T ) is big, with respect to T, only when T belongs to a sequence of
natural points.

One may wonder if there are values of T for which AU,f (T ) is bounded by
a polynomial in T .

Theorem

Let f : M → X (C) and U above. Let A > 1 (very big), ε > 0 (very small)
and γ > N

N−1 . Then, there exists a, unbounded, increasing sequence of
real numbers rn such that

∀T ∈ [rn;Arn] we have that AU,f (T ) ≤ εT γ .

It is possible to find a similar theorem for γ = N
N−1 .
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Bombieri – Pila

(Very short) Sketch of proof:

We suppose that the Theorem is false.
Thus we may suppose that there exists an unbounded sequence {Tn}n∈N
such that

Tn+1 ≤ A · Tn and AU,f (Tn) > εT γ
n .

Choose an integer d1 ∼ (εT1)γ/N .

By some forms of Siegel Lemma, we can find a non zero section
s ∈ H0(X ,L d1) such that:
– f ∗(s)|SU,f (T1) = 0;

– log ‖s‖ ≤ c · T 1+γ/N
1 .
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Bombieri – Pila

– By induction we may suppose that f ∗(s) vanishes on SU,f (Tn).

– Suppose that there exists w ∈ SU,f (Tn+1) such that f ∗(s)(w) 6= 0.

–A direct application of Nevanlinna First Main Theorem (or Jensen
inequality if you prefer) gives:

d1C1 + C2 · T 1+γ/N
1 ≥ C3 · T γ

n + log ‖f ∗(s)‖(w).

Since f ∗(s)(w) 6= 0, Liouville Inequality gives

log ‖f ∗(s)‖(w) ≥ −C4 · T γ/N
1 · Tn+1.

Since Tn+1 ≤ A · Tn, we get:

C5 · T 1+γ/N
n ≥ C6T

γ
n .

And this is a contradiction as soon as Tn is big enough. Thus f ∗(s)
vanishes on SU,f (Tn) for every n and this is impossible.
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Polynomial bounds

Consequently: for arbitrary function f : M → X (C), even if, in general, we
have not a polynomial bound, we have a polynomial bound on infinitely
many arbitrarily big intervals.

What we learnt from this proof?

• To bound Au,f (T ) we need:

– A ”small section of a line bundle vanishing in many points”

– Some point where this small section do not vanish but it is not too small
there.

• Moreover, what prevents to improve the theorem above is the fact that
the point where we applied the Liouville inequality, depends on T .
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Polynomial bounds

For this reason we introduce the following definition:

Definition

Let W ⊆ U be a subset. We will say that W is of type S with respect to
f , if there exist positive constants A and a such that, for every positive
integer d ad every global section s ∈ H0(X , cLd) \ {0} we have

sup
z∈W
{log ‖f ∗(s)‖(z)} ≥ −A

(
log+ ‖s‖+ d

)a
Where log+ ‖s‖ := supp∈X (C){0, log ‖s‖(p)}.

Remark: One can show that, if W exists, then one must have a ≥ N + 1
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Polynomial bounds

With this definition in mind we can state:

Theorem

Suppose that we can find a subset W ⊆ U of type S , then we have a
polynomial bound for AU,f (T ) for every T .

An interesting application of this theorem is the following:

Theorem

Suppose that f : M ↪→ X (C) is the leaf of an algebraic foliation by curves
(defined over Q), and p0 ∈ M is a rational point which is smooth for the
foliation. Then there exists a open set p0 ∈ V ⊂ M which is of type S
with respect to f .
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Polynomial bounds

The tools of the proof of this last Theorem are:

– A Siegel Lemma;

– A Nevanlinna FMT;

– A form of Liouville inequality;

– A Zero Lemma a’ la Binyamini – Nesterenko for foliations.

Corollary

Let M be the leaf of a foliation which contains a rational point, then we
have a polynomial bound for AU,f (T ).

This Corollary generalizes previous results by Binyamini and Comte
–Yomdim .
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Points of Type S on varieties.

Actually, it is not easy to prove the existence of a subset W of type S .

In theory, the biggest the subset is and the easier should be to find it. But,
in principle (in order to obtain the consequences on the estimates on
rational points), it suffices that W is just a single point.

Definition

Let p ∈ X (C). We will say that p is of type S on X if there exist positive
constants A and a (depending on p) such that, for every positive integer d
and every non vanishing section s ∈ H0(X ,L d) we have that

log ‖s‖(p) ≥ −A
(
log+ ‖s‖+ d

)a
.

(where log+(a) := sup{log(a), 0}). We will denote by S(X ) the subset of
points of type S .

Of course a point of type S is transcendental and one can prove that the
set S(X ) is independent on the set of the model X and the polarization
L .
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Points of Type S on varieties.

As a corollary of what we said we find that:

Corollary

If f : M → X (C) is as above and f −1(S(X )) 6= ∅ then AU,f (T ) is
polynomially bound in T

We can prove the following Theorem:

Theorem

The set S(X ) is full for the Lebesgue measure in X (C).

Thus we can say that ”essentially all the points of X (C ) are of type S!
(even, due to their genericity, we cannot give a single example of point of
type S!)
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Points of type S

Another Theorem we can prove is the following:

Theorem

Let f : M → X (C) as above. Then, there exists a subset W ⊂ M of type
S with respect to f if and only if f −1(S(X )) is full in M.

Thus we obtain the following diagram:

f −1(S(X )) is full in M
↑

M is a leaf of a foliation −→ f −1(S(X )) 6= ∅
↓

AU,f (T )� Poly(T )
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Questions

A list of questions:

1) Can we find a higher dimensional analogue of the ”Gap Theorem” in
the spirit of the o–minimality and the work of Pila – Wilkie?

2) Can we ”analytically and/or arithmetically” characterize maps
f : M → X (C ) whose image avoids S(X ) and contains ”many rational
points”?

3) For a given f as in (2), can we estimate how big is the set of T ’s for
which AU,f (T ) is ”big”?

4) (In the spirit of Lang conjecture) Since we expect that, for varieties of
general type, the set of rational points is ”small”, is it possible that, in this
case, the set S(X ) is, instead, big? For instance the set X (C) \ S(X ) has
Hausdorff dimension 2N − 2 in this case? (its Hausdorff dimension cannot
be smaller because it contains all the varieties defined over Q.
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tak for din opmærksomhed !
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