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Poisson’s formula

o Y onexp(—2n*T) =3, N ﬁ exp (—k?/2t).
o Tr [exp (tASl/2>] = ez ﬁexp (—k?/2t).

@ Spectral side = geometric side.
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@ X Riemann surface of constant curvature.
@ [, length of closed geodesics .
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Tr [exp (tAY/2)] = %;;/8)\/01 (X)
speci;glside N

geometric side
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Selberg’s trace formula

@ X Riemann surface of constant curvature.
@ [, length of closed geodesics .

(]
Tr [exp (tAY/2)] = %;;/8)\/01 (X)
speci;glside N

geometric side

2 y/2 dy

Jo ) GG
Vol,, exp (—¢2/2t — t/8)

Z \/ﬁ 2sinh (¢,/2)

e Sum of orbltal 1ntegra1s.
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Introduction

The purpose of the talk

e Extend Selberg explicit formula to arbitrary locally
symmetric spaces.

e Explain how to obtain the formula by an interpolation
process. . .

@ ...that connects Selberg’s trace formula with index
theory, and Riemann-Roch.
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e X compact manifold of dimension n.
o x(X) =3, (~1)"dim H (X,R) Euler characteristic
global invariant.
e If X Riemannian, if DX = d* + d**, DX? =X
Hodge Laplacian.
Q(X,R X,2
o For s >0, y (X) = Tr," ) [exp (—sD¥?)]

supertrace

(McKean-Singer).
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Fuler characteristic and Chern-Gauss-Bonnet

e X compact manifold of dimension n.
o x(X) =3, (~1)"dim H (X,R) Euler characteristic
global invariant.
e If X Riemannian, if DX = d* + d**, DX? =X
Hodge Laplacian.
Q(X,R X2
o For s >0, y (X) = Tr," ) [exp (—sD¥?)]

supertrace

(McKean-Singer).
e s — 0 gives Chern-Gauss-Bonnet x (X) = [, e (TX).
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e If g € Diff (X)), g acts on H (X, R).
o L(g)=>" (—1)i Ty (OR) [g] global invariant.
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Lefschetz formula

e If g € Diff (X)), g acts on H (X, R).

o L(g) =Y (—1)' Tr"&R) [¢] global invariant.

e For s > 0, if DX = dX + d**, McKean-Singer
L(g) = TrSQ'(X’R) [g exp (—SDX’2)}.
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Lefschetz formula

e If g € Diff (X)), g acts on H (X, R).
o L(g) =Y (—1)' Tr"&R) [¢] global invariant.
e For s > 0, if DX = dX + d**, McKean-Singer
L(g) = TrSQ'(X’R) [g exp (—SDX’2)}.
e By making s — 0, we obtain L (g) as a local sum of

contributions of the fixed points of g (Lefschetz
formula).
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Lefschetz formula

e If g € Diff (X)), g acts on H (X, R).
o L(g) =Y (—1)' Tr"&R) [¢] global invariant.
e For s > 0, if DX = dX + d**, McKean-Singer
L(g) = TrSQ'(X’R) [g exp (—SDX’2)}.
e By making s — 0, we obtain L (g) as a local sum of

contributions of the fixed points of g (Lefschetz
formula).

Tr & (GR) [g exp(—sDX’Q)]

L (g) |g10bamlS:_'_oo ’ /); € (TXg) |locals:0-

g
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The trace formula

A compact manifold

@ X compact Riemannian manifold.
e AX Laplacian on X.

e For t >0, g = exp (tA¥/2) heat operator acting on
C>(X,R).
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The trace formula

Four questions

Q Is Tr¢"XR) [g] a Lefschetz number?
© Can I write a formula of the type
TR [g] = Teg™ [gexp (—Dj,/2)]

with C*° (X, R) the cohomology of R 7

@ By making b — +00, do we obtain Selberg’s trace
formula ?

@ Is Selberg trace formula a Lefschetz formula?

T fpexn(~D3,,/2)]
T R [g] g, Selberglioca,_...

@ VYes!
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The trace formula

Is C* (X, R) a cohomology group 7

e FE real vector bundle on X, £ total space of E.

o R=(Q(E),d") fiberwise de Rham complex
(algebraic or smooth).

e Its cohomology is equal to C* (X, R).
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e C(lassical Hodge Laplacian has continuous spectrum.
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The Witten Laplacian

° (E . g¥ ) Euclidean vector space, there is a Hodge
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e C(lassical Hodge Laplacian has continuous spectrum.
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The Witten Laplacian

(E . g¥ ) Euclidean vector space, there is a Hodge
theory for £ (Witten Laplacian).

Classical Hodge Laplacian has continuous spectrum.
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o 4" = e WPRGEIVE2 = gF Ly A,
§d7 a7 = e

H=1(=A? +|Y> — n) harmonic oscillator. ..
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The trace formula

The Witten Laplacian

° (E . g¥ ) Euclidean vector space, there is a Hodge
theory for £ (Witten Laplacian).

Classical Hodge Laplacian has continuous spectrum.
o 4" = e WPRGEIVE2 = gF Ly A,
§d7 a7 = e

H=1(=A? +|Y> — n) harmonic oscillator. ..
...and NN ) number operator on A" (E*).

Via Bargmann isomorphism, we get instead
(S (E*)® A" (E*),d”) algebraic de Rham complex.

Hypoelliptic Laplacian and the trace formula
Jean-Michel Bismut 12 /36
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The trace formula

How to couple the base and the fiber

e How to couple the base X and the fiber E?

@ We need to introduce the heat operator on the base
X. ..

o ...coupled with Witten Laplacian on F.
o Here F will be TX & N.

Hypoelliptic Laplacian and the trace formula
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Introduction

Lefschetz formulas

The trace formula

D and R genus and the harmonic oscillator
References

The classical Dirac operator

Hypoelliptic Laplacian and the trace formula
Jean-Michel Bismut [ 14786 o ane e Hace o



The trace formula

The classical Dirac operator

e Dirac found first order nonscalar differential operator
DR" such that DR"? = —AR",

Hypoelliptic Laplacian and the trace formula
Jean-Michel Bismut 14 /36



The trace formula

The classical Dirac operator

e Dirac found first order nonscalar differential operator
DR" such that DR"? = —AR",

o AR" acts on real functions, DR®" acts on spinors and
on differential forms.

Hypoelliptic Laplacian and the trace formula
Jean-Michel Bismut 14 /36



The trace formula

The classical Dirac operator

e Dirac found first order nonscalar differential operator
DR" such that DR"? = —AR",

o AR" acts on real functions, DR®" acts on spinors and
on differential forms.

e Geometric form of DR" found by Lichnerowicz.

Hypoelliptic Laplacian and the trace formula
Jean-Michel Bismut 14 /36



The trace formula

The classical Dirac operator

e Dirac found first order nonscalar differential operator
DR" such that DR"? = —AR",

o AR" acts on real functions, DR®" acts on spinors and
on differential forms.

e Geometric form of DR" found by Lichnerowicz.

e Kostant found a different Dirac operator DX° adapted
to reductive Lie groups.
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The Dirac operator of Kostant

e G reductive Lie group (group of matrices) with Lie
algebra g.

e (%= —> efe; Casimir (generalized Laplacian on G).
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The Dirac operator of Kostant

e G reductive Lie group (group of matrices) with Lie
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e (%= —> efe; Casimir (generalized Laplacian on G).
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The Dirac operator of Kostant

e G reductive Lie group (group of matrices) with Lie
algebra g.

e (%= —> efe; Casimir (generalized Laplacian on G).

o DX c ¢(g) ® U (g) Dirac operator of Kostant.

Theorem (Kostant)

DKe2 — _ 09 4 ¢
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The Dirac operator of Kostant

e G reductive Lie group (group of matrices) with Lie
algebra g.

e (%= —> efe; Casimir (generalized Laplacian on G).

o DX c ¢(g) ® U (g) Dirac operator of Kostant.

Theorem (Kostant)

DKe2 — _ 09 4 ¢

DX acts on C™ (G, A (g%)), C® acts on C™ (G, R).
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One idea

e One way to kill A" (g*). ..
e ...is to tensor by S (g*). ..
@ ...because S"(g*) ® A" (g*) ~ R.
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The operator 2,

e D, acts on C (G x g, A (g%)).
o D, = DX +ic ([Y5YP]) 45 (dP + YP A +dP* + iyv)
N———

amystery!
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The trace formula

The operator 2,

e 9, acts on C* (G x g, A (g%)).
o Dy = DX ic ([Y,YP]) 41 (P + YP A +d" +iys)
—————
amystery!
P (gt — YEA 4 +iye).

e Parameter b related to spectral sequence.
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The symmetric space X

e G real reductive group, K maximal compact subgroup,
X = G/K symmetric space.
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The trace formula

The symmetric space X

e G real reductive group, K maximal compact subgroup,
X = G/K symmetric space.

o g=p @t Cartan splitting equipped with bilinear form
B>0onp, <O0ont...

@ ...descends to the vector bundle FE =TX & N on X.

G =SL, (R), K = S', X upper half-plane, TX @& N of

dimension 3.

Hypoelliptic Laplacian and the trace formula
Jean-Michel Bismut 19/ 36
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The hypoelliptic Laplacian

o Set £, =1 (—EKO’Q + @g).

e Quotient the construction by K.

o g=pcdtdescends to TX & N.

o 7: X — X total space of TX @ N.

o LX = % <—13K°7X’2 + @i”) acts on

o (2? A (T°X @ N*)) .
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The trace formula

The hypoelliptic Laplacian

o Set £, =1 (—EKO’Q + @5).

e Quotient the construction by K.

o g=pcdtdescends to TX & N.

o 7: X — X total space of TX @ N.

o LY = % <—13K°’X’2 + @‘2”) acts on
o (2? FA (T X @ N*)) .
Using fiberwise Bargmann isomorphism, £ acts on

C° (X, 8 (T*X ® N*) @ A (T"X & N*)).
Hypoelliptic Laplacian and the trace formula
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The hypoelliptic Laplacian as a deformation

1
202

Vv
Harmonic oscillator of TX®N

NA (T XoN®)

N S (R

& =y

J/

—_

‘*‘g( &//T_X/ +¢ (ad (Y™))—c (ad (Y™™) + ifad (YN))>

geodesic flow
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The case of locally symmetric spaces

e Introduce extra twisting by representation of K on F.
o I' C G cocompact torsion free.
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The trace formula

A fundamental identity

Theorem

For¢t > 0,0 >0,

Tr" %8 [exp (=t (CZ — ¢) /2)] = T, [exp (—tLZ)] .
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@ This is exactly what we wanted!
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The trace formula

Semisimple orbital integrals

@ 7 € (G semisimple, [v] conjugacy class.

e For ¢t > 0, Trl] [exp (=t (C* —¢) /2)] orbital integral
of heat kernel on orbit of v:
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The minimizing set

e X (7) C X minimizing set for the convex displacement
function d (x,yx).
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The trace formula

The minimizing set

e X (7) C X minimizing set for the convex displacement
function d (x,yx).

o X (7) C X totally geodesic symmetric space for the
centralizer Z (7).
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The trace formula

A second fundamental identity

Theorem

For b > 0,t > 0,
Tl [exp (=t (C¥ —¢) /2)] = Tx, ul [exp (—t£))] -

Remark

|

The proof uses the fact that Trl is a trace on the algebra
of G-invariants smooth kernels on X with Gaussian decay.
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T [exp (—t (0% — ¢) /2)] = SRl /20)

(2mt)P/?
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The trace formula

Semisimple orbital integrals

Theorem (B. 2011)
There is an explicit function J, (Y{), Yy € €(v), such that

T [exp (—t (0% — ¢) /2)] = SRl /20)

(2mt)P/?
L 08T [ (7)o (i ()]
£|2 dYy
exp (=[5 /20) (2nt)/?

Note the integral on £(7)...
Hypoelliptic Laplacian and the trace formula
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The function J, (Y{) ,Y§ € €(7)

1 A\ (iad (YOE) |p(v))

:
T ) = ‘det (- Ad() Iy 1/2 ﬁ(z‘a,d (}/Oé)k('y)>

1
[det = AdGFD) [z

det (1 — exp (—iad (¥2)) Ad (k1)) \W] i
det (1 — exp (—7ad (Yg)) Ad (k7)) [t ()
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The trace formula

Analogy with Atiyah-Bott

e Compare with fixed point formulas by Atiyah-Bott

L(g) = /X A, (TX) chy (E).
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The trace formula

Analogy with Atiyah-Bott

e Compare with fixed point formulas by Atiyah-Bott

L(g) = /X A, (TX) chy (E).

e Here T'X replaced by TX & N.
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D and R genus and the harmonic oscillator

The D and R genera

e In 1990, I obtained a formal power series D (z).
o p;(x ) heat kernel on S?.

o D(z) =— [, Logrp,] (rz)dr.

° Wlth Soulé, we proved that

D(x) = Z{ +Z +2 Z}g( m%
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D and R genus and the harmonic oscillator

Connection with the R genus

e A closely related series R (x) had been obtained before
by Gillet, Soulé and Zagier (with a computer) as a
possible exotic contribution to a Riemann-Roch
theorem in Arakelov geometry.

o D(z) = R(z) +I" (1) & ().
@ Above construction played important role in proof
with Lebeau of embedding formulas.
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The D series and the harmonic oscillator

e [ obtained the function D (z) as part of a construction
of characteristic classes on holomorphic vector bundles,
in which the fiberwise harmonic oscillator plays a
crucial role, as well as ideas of infinite dimensional
intersection theory.

o Fiberwise Witten Laplacian replaced by its complex
version.

@ The harmonic oscillator plays a very similar role to
what it does for orbital integral.
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