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@ A theorem of Borcherds

9 Simple Enriques 2n-folds

© Analytic torsion of Calabi-Yau 2n-folds and hyperkihler manifolds
9 Holomorphic torsion invariant of Enriques 2n-folds

e Quasi-affinity of the moduli space

@ Automorphy of gy, : hyperkihler type case

@ Simple Enriques 2n-folds associated with (2,...,2)-complete
intersections

© Simple Enriques 2n-folds associated with Enriques surfaces
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A theorem of Borcherds

In 1996, Borcherds proved the following
Theorem (Borcherds)

The moduli space of Enriques surfaces is quasi-affine.
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A theorem of Borcherds

In 1996, Borcherds proved the following
Theorem (Borcherds)

The moduli space of Enriques surfaces is quasi-affine.

Every family of Enriques surfaces without singular fibers over a compact
connected complex manifold is isotrivial, i.e., all fibers are isomorphic to
each other.
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A theorem of Borcherds

In 1996, Borcherds proved the following

Theorem (Borcherds)

The moduli space of Enriques surfaces is quasi-affine.

Every family of Enriques surfaces without singular fibers over a compact
connected complex manifold is isotrivial, i.e., all fibers are isomorphic to
each other.

Borcherds proved the theorem by constructing an automorphic form @
nowhere vanishing on the moduli space. This remarkable automorphic
form @ is called the Borcherds @-function or Borcherds-Enriques form.
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It is possible to construct the Borcherds @-function from analytic torsion
of Enriques surfaces.

Goal of talk
@ Construction of a holomorphic torsion invariant of higher dimensional
analogues of Enriques surfaces

@ isotriviality of smooth family of those manifolds over compact base
(quasi-affinity of the moduli space under some assumption)

@ automorphy of the invariant in certain cases

@ explicit formula as a (automorphic) function on the moduli space
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Bogomolov decomposition theorem

Definition

X : compact connected Kahler manifold
e X is Calabi-Yau <= Kx = Ox and h9(Ox) =0 (0 < g < dim X).

o X is hyperkahler <= 71(X) = {1} and H%(Q%) is generated by a
holomorphic symplectic form.
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Bogomolov decomposition theorem

X : compact connected Kahler manifold

e X is Calabi-Yau <= Kx = Ox and h%(Ox) =0 (0 < g < dim X).

o X is hyperkahler <= 71(X) = {1} and H°(Q%) is generated by a
holomorphic symplectic form.

Theorem (Bogomolov)

Let Y be a compact Kahler manifold with torsion canonical bundle. Then
there is an étale finite covering X — Y such that

x=Tx[Jux]]s
i j

T : complex torus, U; : simply connected Calabi-Yau, S; : hyperkahler

v
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Simple Enriques 2n-folds

A compact Kahler manifold Y is simple Enriques of index d € Z~ if
(1) Ky 2 Oy and K$? = Oy.
(2) X(Oy) > 0.

(3) universal covering of Y is irreducible, i.e., Bogomolov decomposition
of Y consists of a unique factor.
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Simple Enriques 2n-folds

A compact Kahler manifold Y is simple Enriques of index d € Z~ if
(1) Ky 2 Oy and K$? = Oy.
(2) X(Oy) > 0.

(3) universal covering of Y is irreducible, i.e., Bogomolov decomposition
of Y consists of a unique factor.

Remark 1. Closely related notions were introduced by two groups:
o Boissiere-Nieper-Weisskirchen-Sarti (2011): Enriques variety
e Oguiso-Schréer (2011): Enriques manifold

Simple Enriques <= irreducible weak Enriques in the sense of BNWS
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Fact (Boissiere-Nieper-Weisskirchen-Sarti, Oguiso-Schroer)

Y : simple Enriques with K@d = Oy Y : universal covering of Y

)
2) m(Y) is a finite cyclic group of order d > 1.
) Y : Calabi-Yau = d = 2.

) Y : hyperkahler => d|(n+ 1).
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Fact (Boissiere-Nieper-Weisskirchen-Sarti, Oguiso-Schroer)

Y : simple Enriques with K\@d = Oy Y : universal covering of Y

Definition

Y : simple Enriques
o Y : Calabi-Yau type <— Y : Calabi-Yau
@ Y : hyperkahler type <— Y : hyperkahler
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Analytic torsion

(X,7) : compact Kihler manifold o
Cq(s) : ¢-function of Laplacian Oy = (0 + 0*)? acting on A%9(X)

G(s) == > A dimE(0g,\)

Aea(0q)\{0}
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Analytic torsion

(X,7) : compact Kihler manifold o
Cq(s) : ¢-function of Laplacian Oy = (0 + 0*)? acting on A%9(X)

G(s) == > A dimE(0g,\)

Aea(0q)\{0}

Cq(s) converges absolutely when Rs > dim X, extends to a meromorphic
function on C, holomorphic at s = 0
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Analytic torsion

(X,7) : compact Kihler manifold o
Cq(s) : ¢-function of Laplacian Oy = (0 + 0*)? acting on A%9(X)

G(s) == > A dimE(0g,\)

Aea(0q)\{0}

Cq(s) converges absolutely when Rs > dim X, extends to a meromorphic
function on C, holomorphic at s = 0

Definition

Analytic torsion of (X,~) is defined as

7(X,7) :=exp{—> _(-1)79¢}(0)}

q=>0
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Analytic torsion of Calabi-Yau and hyperkahler manifolds

X : Calabi-Yau or hyperkahler of even dimension 2n
7 : nowhere vanishing canonical form on X

~ : Kahler form on X

c1(X,7) : first Chern form of (TX,~)

Td(X,v) : Todd form of (TX,~)
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Analytic torsion of Calabi-Yau and hyperkahler manifolds

X : Calabi-Yau or hyperkahler of even dimension 2n
7 : nowhere vanishing canonical form on X

~ : Kahler form on X

c1(X,7) : first Chern form of (TX,~)

Td(X,v) : Todd form of (TX,~)

Theorem

Analytic torsion of (X,~) is given by

v?/@n)! Inli%

In particular, if Ricy = 0, then 7(X,~) = 1.

Td(X,7)
Td(ar(X,7))

} |
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Holomorphic torsion invariant of Enriques 2n-folds

Y : Enriques 2n-fold of index d

: Kahler form on Y

2
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~ : Kahler form on Y

Bott-Chern term

Holomorphic torsion invariant of Enriques 2n-folds
Y : Enriques 2n-fold of index d

A(Y,7) :=exp {%/ylog (

=2
=1

Vol(Y,~)\  Td(Y,v)
?/@2n)t IE]
If p: Y — Y is the universal covering, then A(Y,~) = 7( \7, p*y)~1/d.

Ta(a(Y.7) } |
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Holomorphic torsion invariant of Enriques 2n-folds

Y : Enriques 2n-fold of index d
—_ . . . —_2 —_ =1
= : pluricanonical form of weight d = |Z|d := |= ® =|d measure on Y

—

~ : Kahler form on Y

Bott-Chern term

e d L [ 1on (_IEIE_ VOI(Y,9)\ _Td(Y,7)
A= p{z/y'g(w/(zn)! =T, )Td(cl(Y,v))}'

If p: Y — Y is the universal covering, then A(Y,~) = 7( Y, p*y)~1/d.

Definition

(Y, 7)Vol(Y,7)d A(Y, ) (Y : Calabi-Yau type)
7—Enr(Y) "= (n+1)(d—1) B
T7(Y,y)Vol(Y,~) 2d  A(Y,v) (Y : hyperkahler type)

September 5, 2018 10 / 33
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Tenr(Y) is independent of the choice of a Kahler metric v on Y.
In particular, Tpn:(Y) is an invariant of Y.
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Tenr(Y) is independent of the choice of a Kahler metric v on Y.
In particular, Tpn:(Y) is an invariant of Y.

Remark 1. This theorem is a consequence of the anomaly formula for
Quillen metrics due to Bismut-Gillet-Soulé.
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Tenr(Y) is independent of the choice of a Kahler metric v on Y.
In particular, Tpn:(Y) is an invariant of Y.

Remark 1. This theorem is a consequence of the anomaly formula for
Quillen metrics due to Bismut-Gillet-Soulé.

TEnr 1S @ function on the moduli space of simple Enriques 2n-folds.
What is this function on the moduli space?
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Tenr(Y) is independent of the choice of a Kahler metric v on Y.
In particular, Ten(Y') is an invariant of Y.

Remark 1. This theorem is a consequence of the anomaly formula for
Quillen metrics due to Bismut-Gillet-Soulé.

TEnr 1S @ function on the moduli space of simple Enriques 2n-folds.
What is this function on the moduli space?

Remark 2. When n =1, Tgy, is given by the Petersson norm of the
Borcherds @-function.
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Tenr(Y) is independent of the choice of a Kahler metric v on Y.
In particular, Ten(Y') is an invariant of Y.

Remark 1. This theorem is a consequence of the anomaly formula for
Quillen metrics due to Bismut-Gillet-Soulé.

TEnr 1S @ function on the moduli space of simple Enriques 2n-folds.
What is this function on the moduli space?

Remark 2. When n =1, Tgy, is given by the Petersson norm of the
Borcherds @-function.

To study this question, we compute the complex Hessian of 7gy;.
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Set up Y : simple Enriques 2n-fold of index d

Def(Y) : Kuranishi space of Y (smooth by Bogomolov-Tian-Todorov)
f:(9,Y) — (Def(Y),[Y]) : universal deformation of Y

Z9)/Det(y) : relative pluricanonical form of weight d
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Set up Y : simple Enriques 2n-fold of index d

Def(Y) : Kuranishi space of Y (smooth by Bogomolov-Tian-Todorov)
f:(9,Y) — (Def(Y),[Y]) : universal deformation of Y

Z9)/Det(y) : relative pluricanonical form of weight d

Definition
Weil-Petersson form is the Kahler form on Def(Y') defined as

wwp 1= —dd log || Sy /pet(v)ll 12/4

Ken-Ichi Yoshikawa (Kyoto University) Enriques 2n-folds and Analytic Torsion September 5, 2018 12 /33



Set up Y : simple Enriques 2n-fold of index d

Def(Y) : Kuranishi space of Y (smooth by Bogomolov-Tian-Todorov)
f:(9,Y) — (Def(Y),[Y]) : universal deformation of Y

Z9)/Det(y) : relative pluricanonical form of weight d

Definition
Weil-Petersson form is the Kahler form on Def(Y') defined as

wwp 1= —dd log || Sy /pet(v)ll 12/4
Set
1 i-
. E’Hl)(d,l) (Calabi-Yau type),
; = 7 (hyperkédhler type).
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Set up Y : simple Enriques 2n-fold of index d

Def(Y) : Kuranishi space of Y (smooth by Bogomolov-Tian-Todorov)
f:(9,Y) — (Def(Y),[Y]) : universal deformation of Y

Z9)/Det(y) : relative pluricanonical form of weight d

Definition
Weil-Petersson form is the Kahler form on Def(Y') defined as

wwp 1= —dd log || Sy /pet(v)ll 12/4
Set
1 i-
. E’Hl)(d,l) (Calabi-Yau type),
; = 7 (hyperkédhler type).

log TEny s a strictly plurisubharmonic function on Def(Y') such that

dd€ Iog TEnr = Vn,d WWP-
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Remark This formula follows from the curvature formula for Quillen
metrics due to Bismut-Gillet-Soulé (or its equivariant version due to Ma):

—dd€ log )5 + Z(—1)qc1(qu*o@, h2) = [ATA(TY/S, hy/s)) )
q=0

applied to the Kuranishi family f: ) — S = Def(Y).
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Remark This formula follows from the curvature formula for Quillen
metrics due to Bismut-Gillet-Soulé (or its equivariant version due to Ma):

—dd€ log )5 + Z(—1)qc1(qu*o@, h2) = [ATA(TY/S, hy/s)) )
q=0

applied to the Kuranishi family f: ) — S = Def(Y).

Every family of simple Enriques 2n-folds without singular fibers over a
compact complex manifold is isotrivial.

proof
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Remark This formula follows from the curvature formula for Quillen
metrics due to Bismut-Gillet-Soulé (or its equivariant version due to Ma):

—dd€ log )5 + Z(—1)qc1(qu*o@, h2) = [ATA(TY/S, hy/s)) )
q=0

applied to the Kuranishi family f: ) — S = Def(Y).

Every family of simple Enriques 2n-folds without singular fibers over a
compact complex manifold is isotrivial.

proof Let f: Y — S be such a family. Then log gy, for this family is a
C®° plurisubharmonic (PSH) function on S.
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Remark This formula follows from the curvature formula for Quillen
metrics due to Bismut-Gillet-Soulé (or its equivariant version due to Ma):

—dd€ log )5 + Z(—1)qc1(qu*o@, h2) = [ATA(TY/S, hy/s)) )
q=0

applied to the Kuranishi family f: ) — S = Def(Y).

Every family of simple Enriques 2n-folds without singular fibers over a
compact complex manifold is isotrivial.

proof Let f: Y — S be such a family. Then log gy, for this family is a
C plurisubharmonic (PSH) function on S. If f: ) — S is not isotrivial,
the differential of the classifying map p: S 3 s — Def(Y5) does not vanish
at some point of S.
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Remark This formula follows from the curvature formula for Quillen
metrics due to Bismut-Gillet-Soulé (or its equivariant version due to Ma):

—dd€ log )5 + Z(—1)qc1(qu*o@, h2) = [ATA(TY/S, hy/s)) )
q=0

applied to the Kuranishi family f: ) — S = Def(Y).

Every family of simple Enriques 2n-folds without singular fibers over a
compact complex manifold is isotrivial.

proof Let f: Y — S be such a family. Then log gy, for this family is a
C plurisubharmonic (PSH) function on S. If f: ) — S is not isotrivial,
the differential of the classifying map p: S 3 s — Def(Y5) does not vanish
at some point of S. Hence p*wwp does not vanish at some point of S, so
that log Tgy, is not a constant on S.
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Remark This formula follows from the curvature formula for Quillen
metrics due to Bismut-Gillet-Soulé (or its equivariant version due to Ma):

—dd€ log )5 + Z(—1)qc1(qu*o@, h2) = [ATA(TY/S, hy/s)) )
q=0

applied to the Kuranishi family f: ) — S = Def(Y).

Every family of simple Enriques 2n-folds without singular fibers over a
compact complex manifold is isotrivial.

proof Let f: Y — S be such a family. Then log gy, for this family is a
C plurisubharmonic (PSH) function on S. If f: ) — S is not isotrivial,
the differential of the classifying map p: S 3 s — Def(Y5) does not vanish
at some point of S. Hence p*wwp does not vanish at some point of S, so
that log Tgny is not a constant on S. If S is compact, this contradicts the
fact that a PSH function on a compact complex manifold is constant. [
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Let f: Y — C be a family of 2n-folds over a compact Riemann surface C,
whose general members are simple Enriques. If 0 € C is a point of the
discriminant locus, then there exists o € Q such that

log TEnr(Ys) = @ log [s|? + O (log(—log |s])) (s = 0).
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Let f: Y — C be a family of 2n-folds over a compact Riemann surface C,
whose general members are simple Enriques. If 0 € C is a point of the
discriminant locus, then there exists o € Q such that

log TEnr(Ys) = @ log [s|? + O (log(—log |s])) (s = 0).

Remark

@ This theorem is obtained by applying the Bismut-Lebeau embedding
theorem for Quillen metrics to the family of embedings Ys — ).

@ When the degeneration f: (), Yo) — (S,0) is semistable, o can
explicitly be evaluated as the integral of certain characteristic classes
associated to the degeneration over certain divisors.

o It is also possible to compute the value a by using the embedding
formula for equivariant Quillen metrics due to Bismut.
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Quasi-affinity of the moduli space

Fact (Viehweg)
@ There is a coarse moduli space of polarized simple Enriques 2n-folds
of index d with Hilbert polynomial h.
e My : component of the moduli space = M, quasi-projective.
@ )\ . direct image of the d-th power of the relative canonical bundle
— X : ample line bundle on M.

September 5, 2018 15 / 33
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Quasi-affinity of the moduli space

Fact (Viehweg)
@ There is a coarse moduli space of polarized simple Enriques 2n-folds
of index d with Hilbert polynomial h.
e My : component of the moduli space = M, quasi-projective.
@ )\ . direct image of the d-th power of the relative canonical bundle
— X : ample line bundle on M.

M, : normalization of @|v|(Mp), v > 1 (BB like compactification)
Dy := M} \ My, (discriminant locus).

My = Mj\ Zy, Zp, = {(Sing M}) N D} } U Sing Dy

My, is a complex orbifold such that Z, has codimension > 2 in M.
(M, is an analogue of modular variety.)

September 5, 2018
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There exist { € Z~o and a meromorphic section o of \2(9nd @ x on My,
where x € HY(My, S1) is a flat holomorphic line bundle, such that

2 = |lo|?,  Supp(divo) C D;
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There exist { € Z~o and a meromorphic section o of \2(9nd @ x on My,
where x € HY(My, S1) is a flat holomorphic line bundle, such that

—24d 2
Enr = ||O-|| 9

Supp (dive) C Dy,

If the restriction map H'(M3,R) — HY(Mp,R) is surjective, then My is
quasi-affine
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There exist { € Z~o and a meromorphic section o of \2(9nd @ x on My,
where x € HY(My, S1) is a flat holomorphic line bundle, such that

o = |lol?,  Supp(dive) C D;

* R) — HY(Mp,R) is surjective, then My is

If the restriction map H(
quasi-affine

Remark When the type is hyperkahler, M, is often quasi-affine without
the assumption of surjectivity H(M},R) — HY(M,, R).
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There exist { € Z~o and a meromorphic section o of \2(9nd @ x on My,
where x € HY(My, S1) is a flat holomorphic line bundle, such that

o = llol?,

T | = Supp (dive) C Dy,

If the restriction map H'(M3,R) — HY(Mp,R) is surjective, then My is
quasi-affine

Remark When the type is hyperkahler, M, is often quasi-affine without
the assumption of surjectivity H(M},R) — HY(M,, R).

Is My, always quasi-affine?
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Automorphy of 7, : hyperkahler type case

Y : simple Enriques 2n-fold of hyperkahler type with index 2
X : universal covering hyperkahler manifold
o : holomorphic symplectic form on X
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Automorphy of 7, : hyperkahler type case

Y : simple Enriques 2n-fold of hyperkahler type with index 2
X : universal covering hyperkahler manifold
o : holomorphic symplectic form on X

Fact (Beauville, Bogomolov, Fujiki)

There is an integral non-degenerate symmetric bilinear form (-,-)x on
H?(X,Z) and a constant cx € Qs such that

(©) X =ex- (A% (VA€ H(X,2))

(2) (0,0)x =0, (0,7)x >0

(3) sign (- -)x = (3,2 = 3)

(H*(X,Z), (+,-)x) is called the Beauville-Bogomolov-Fujiki lattice
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Automorphy of 7, : hyperkahler type case

Y : simple Enriques 2n-fold of hyperkahler type with index 2
X : universal covering hyperkahler manifold
o : holomorphic symplectic form on X

Fact (Beauville, Bogomolov, Fujiki)

There is an integral non-degenerate symmetric bilinear form (-,-)x on
H?(X,Z) and a constant cx € Qs such that

(©) X =ex- (A% (VA€ H(X,2))

(2) (0,0)x =0, (0,7)x >0

(3) sign(-,-)x = (3, b2 — 3)

(H*(X,Z), (+,-)x) is called the Beauville-Bogomolov-Fujiki lattice

Auto(X) := ker {Aut(X) — Aut (H(X,Z))} = {1}, by(X) > 5

v
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A : lattice isometric to the BBF lattice of X.
An isometry a: H?(X,Z) — A is called a marking.
t: X — X : involution such that X/t =Y
| :=aot*oa™!: involution on A induced by ¢
Set
M:={leA I(l)=1}, N:={leA I(l)=—I}.

Ken-Ichi Yoshikawa (Kyoto University) Enriques 2n-folds and Analytic Torsion September 5, 2018



A : lattice isometric to the BBF lattice of X.
An isometry a: H?(X,Z) — A is called a marking.
t: X — X : involution such that X/t =Y
| :=aot*oa™!: involution on A induced by ¢
Set
M:={leA I(l)=1}, N:={leA I(l)=—I}.

e M is Lorentzian. e sign(N) = (2, r(N) — 2).
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A : lattice isometric to the BBF lattice of X.
An isometry a: H?(X,Z) — A is called a marking.
t: X — X : involution such that X/t =Y

| :=aot*oa™!: involution on A induced by ¢
Set

M:={le A I(l)=1}, N:={leA I(l)=—I}.
e M is Lorentzian. e sign(N) = (2, r(N) — 2).

Definition

Period domain for simple Enriques 2n-folds deformation equivalent to Y is
the domain of type IV defined by

Oy = {lo] e P(N®C); (0,0)ny =0, (0,7)n >0}

Ken-Ichi Yoshikawa (Kyoto University) Enriques 2n-folds and Analytic Torsion September 5, 2018 18 / 33



Fact (Joumaah)

The Hausdorff reduction of the moduli space of (unpolarized) simple
Enriques 2n-folds deformation equivalent to Y is given by

(2n — DN°M) /I

where DYBM = UdeA%ABM d* is a divisor on 2y determined by the MBM
classes in N, I'y ] C O(N) is a subgroup of finite index and [K] is a
datum encoding the deformation equivalence class of (X, ).
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Fact (Joumaah)

The Hausdorff reduction of the moduli space of (unpolarized) simple
Enriques 2n-folds deformation equivalent to Y is given by

(2n — DN°M) /I

where DYBM = UdeA%ABM d* is a divisor on 2y determined by the MBM
classes in N, I'y ] C O(N) is a subgroup of finite index and [K] is a
datum encoding the deformation equivalence class of (X, ).

Fact (Joumaah)
@ There is a chamber structure of the positive cone of M, whose
chamber corresponds to the invariant Kahler cone of some (X, ).

@ There is an arithmetic subgroup I'vy C O(M) such that [K] is the
L'pp-orbit of a chamber IC.
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There exist an integer v € Z~o and a (possibly meromorphic) automorphic
form @y (x) on 2y, for Iy k) of weight v(n+ 1)/4 such that

Tomepr = 1wl div (@) € Dy
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There exist an integer v € Z~q and a (possibly meromorphic) automorphic
form @ (k] on 2y, for Iy k) of weight v(n+ 1)/4 such that

2
)

TETnVr,[IC] = ”QSN,[IC]‘ div (@N,[K]) - D}\V/IBM

Conjecture (elliptic modularity)

o Iy k) contains O(N) := ker{O(N) — O(N" /N, qn)}.
@ Py (i) is a Borcherds product: There is an elliptic modular form of
type py and weight (4 — r(N))/2, whose Borcherds lift is @y .
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When
divoy = Y. c(d)d",  c(d) ez,

MBM
denl

the slope of @y [x is defined as

- c(d)
slope(gpN,[IC]) = den;%)](aM WN[K])
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When
divoy = Y. c(d)d",  c(d) ez,

dealBM
the slope of @y [x is defined as
c(d)

slope(§l5N,[IC]) = deng%éM WN[’C])

Conjecture (reflectivity)

® Dy k] is holomorphic and reflective, i.e., div(®Pp,[x]) is contained in
the ramification divisor of the projection 2y — QN/FM[,C].

@ There is a universal bound of slope(®y(x;): 3 an absolute constant
C > 0 such that for any deformation type of Enriques manifolds

0 < slope(®p,x)) < C.
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When
divoy = Y. c(d)d",  c(d) ez,

dealBM
the slope of @y [x is defined as
c(d)

slope(®y [x]) = derz%)éM WN[’C])

Conjecture (reflectivity)

® Dy k] is holomorphic and reflective, i.e., div(®Pp,[x]) is contained in
the ramification divisor of the projection 2y — QN/FM[,C].

@ There is a universal bound of slope(®y(x;): 3 an absolute constant
C > 0 such that for any deformation type of Enriques manifolds

0 < slope(®p,x)) < C.

Remark If this conjecture holds true, there are only finitely many

possibilities of N/, up to a scaling and isometry, by a result of S. Ma.
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Enriques varieties of Boissiere-Nieper-Weisskirchen-Sarti

A= (Al, “. ,Am+1), B = (B]_, ceey Bm+1) S Sym(m + 1,((:) & (Cm+1
Aj, Bj : complex (m+ 1) x (m + 1)-symmetric matrices

Q(x, Ai), Q(y, Bj) : quadratic forms associated with A;, B;.

Define a (2,...,2)-complete intersection

Xap) = {(x.y) e PP" Q(x,A)+ Q(y,B) =0 (1<i<m+1)}.
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Enriques varieties of Boissiere-Nieper-Weisskirchen-Sarti

A= (A1,....,Am+1),B=(B1,...,Bm+1) € Sym(m+1,C) ® cm+l
Aj, Bj : complex (m+ 1) x (m + 1)-symmetric matrices
Q(x, Ai), Q(y, Bj) : quadratic forms associated with A;, B;.

Define a (2,...,2)-complete intersection

Xap) = {(x.y) e PP" Q(x,A)+ Q(y,B) =0 (1<i<m+1)}.

A, B sufficiently general => X4 ) Calabi-Yau manifold of dimension m. \
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Enriques varieties of Boissiere-Nieper-Weisskirchen-Sarti

A= (A1 ..., Ams1), B =(B1,...,Bms1) € Sym(m +1,C) @ Cm+1

A, Bj:

: complex (m+ 1) x (m + 1)-symmetric matrices

Q(x, Ai), Q(y, Bj) : quadratic forms associated with A;, B;.

Define a (2,...,2)-complete intersection

Xap) = {(x.y) e PP" Q(x,A)+ Q(y,B) =0 (1<i<m+1)}.

A, B sufficiently general => X4 ) Calabi-Yau manifold of dimension m. \

v P2m+L 5 P2m+L - involution defined by

L(va) = (X7 _.y)

Then ¢ acts on X4 g). Define

YiaB) = Xap)/t
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R(A) : resultant of the system of quadratics Q(x, A1),..., Q(x, Amt1)
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R(A) : resultant of the system of quadratics Q(x, A1),..., Q(x, Amt1)

o Xiyp) # 0 < R(AR(B) =0

o A, B sufficiently general, R(A)R(B) # 0, m even = Y|4 g) simple
Enriques m-fold of Calabi-Yau type.
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R(A) : resultant of the system of quadratics Q(x, A1),..., Q(x, Amt1)
® Xiap) # 0 < R(A)R(B) =0

o A, B sufficiently general, R(A)R(B) # 0, m even = Y|4 g) simple
Enriques m-fold of Calabi-Yau type.

v
Theorem

For even m, there is a constant C,, depending only on m such that for
A, B € Sym(m + 1,C) ® C™*?! sufficiently general with R(A)R(B) # 0,

2m
m+

_om+1 _
TEnr (Y(A,B)) = Cm‘R(A)R(B)‘ ‘/ W(A,B) A W(A,B)
X4.8)

where w(a gy Is the canonical form on X gy defined as the residue of

Q(x, A1) + Q(y, Br), ..., Qx; Am+1) + Q(y, Bm1)

A,
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Enriques varieties parametrized by configuration space

g . even positive integer

For N = (n1, .. .,n2g+2) € Mg_;,_l,gg_,_z((C), n; € csetl (1 <i<L2g+ 2),
2g+2
Xy = {[x] € P*T1, Z x?n; = 0}
i=1

is a Calabi-Yau g-fold, when N is sufficiently general.
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Enriques varieties parametrized by configuration space

g . even positive integer

For N = (n1, .. .,n2g+2) € Mg_;,_l,gg_,_z((C), n; € csetl (1 <i<L2g+ 2),

2g+2
Xy = {[x] € P?61, Z x?n; = 0}
i=1

is a Calabi-Yau g-fold, when N is sufficiently general.

For J={j1 < -+ <jgy1} C{1,...,2g + 2}, let (J) be the partition
(Jy: =J10J ={1,...,2g + 2}.
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Enriques varieties parametrized by configuration space

g . even positive integer

For N = (n1, .. .,n2g+2) € Mg_;,_l,gg_,_z((C), n; € csetl (1 <i<L2g+ 2),

2g+2
Xy = {[x] € P?61, Z x?n; = 0}
i=1

is a Calabi-Yau g-fold, when N is sufficiently general.

For J={j1 < -+ <jgy1} C{1,...,2g + 2}, let (J) be the partition
(J) = JTTJS = {1,...,2¢ +2).
For each partition (J), define an involution ¢(j: P26+! — P2&+1 by
Ly (xus xge) = (X, —xye)

Then ¢(yy acts on Xy. We set

YN,(J) = XN/L(J).
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o Xy = Xy if N and N' lie in the same orbit of GL(C&) x (C*)26+2
° XILV(J> =) = A<J>(N) = det(njl, ey nng) det(l"lle, aoog I"Ijch) #£0

® Yy, is a simple Enriques g-fold of Calabi-Yau type for all (J) <=
none of (g + 1) x (g + 1)-minors of N vanishes
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o Xy = Xy if N and N' lie in the same orbit of GL(C&) x (C*)26+2

° XILV(J> =) = A<J>(N) = det(njl, ceey nng) det(l"lle, cee I"Ijch) #£0

® Yy, is a simple Enriques g-fold of Calabi-Yau type for all (J) <=
none of (g + 1) x (g + 1)-minors of N vanishes

Forall N-€ Mg 1 54, 5(C) := Mgi1,25+2(C) \ Uy div(A(y)) and (J),

g
_pgtl 2

TEnr (YN,<J>) = Cg

A<J>(N)/X wn N\ Wy
N
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o Xy = Xy if N and N' lie in the same orbit of GL(C&) x (C*)26+2
° XILV(J> =) = A<J>(N) = det(njl,. . .,njgﬂ)det(njlc,. . .,njégﬂ) #£0

® Yy, is a simple Enriques g-fold of Calabi-Yau type for all (J) <=
none of (g + 1) x (g + 1)-minors of N vanishes

Forall N-€ Mg 1 54, 5(C) := Mgi1,25+2(C) \ Uy div(A(y)) and (J),

g
_pgtl 2

TEnr (YN,<J>) = Cg

A<J>(N)/X wn N\ Wy
N

| \

Corollary
For all N € Mg 5,45(C) and partitions (J), (J'),

{mear (Yay) /me0e (Yan) 372 = | B0y (N)/ Ay (V)]
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Enriques varieties associated with hyperelliptic curves

A= ()\1, ceey )\2g+2) € 28t \ diV(A),
A(A) == [[;;(Aj — Ai) is the difference product of A
Define a hyperelliptic curve Cy by

Croi={(x,y) €C% y? = (x = A1) -+ (x = dog2)}-
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Enriques varieties associated with hyperelliptic curves

A= ()\1, ceey )\2g+2) € 28t \ diV(A),
A(A) == [[;;(Aj — Ai) is the difference product of A
Define a hyperelliptic curve Cy by

Croi={(x,y) €C% y? = (x = A1) -+ (x = dog2)}-

Define a complex (g + 1) x (2g + 2)-matrix of Vandermonde type

A1 A2 o Aoggo
M) = [ M A8 A
A A
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Enriques varieties associated with hyperelliptic curves

A= ()\1, ceey )\2g+2) € 28t \ diV(A),
A(A) == [[;;(Aj — Ai) is the difference product of A
Define a hyperelliptic curve Cy by

Croi={(x,y) €C% y? = (x = A1) -+ (x = dog2)}-

Define a complex (g + 1) x (2g + 2)-matrix of Vandermonde type

A1 A2 o Aoggo
M) = [ M A8 A
A A

For M(X\) = (M1(X), Ma(X)), Mi(X), Ma(X) € Mgy1(C), define

M(A)Y = (M (A) 7 EMa(N) )
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Fact (Mumford)

There is a one-to-one correspondence:

partitions {(J)} <= non-vansihing even theta constants on Cy
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Fact (Mumford)

There is a one-to-one correspondence:

partitions {(J)} <= non-vansihing even theta constants on Cy

Under this correspondence, write 65 (€2)) for the non-vanishing even
theta constant on Cy corresponding to the partition (J), where Q) € &,
is the period of Cy w.r.t. a certain symplectic basis of Hi(C),Z).
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Fact (Mumford)

There is a one-to-one correspondence:

partitions {(J)} <= non-vansihing even theta constants on Cy

Under this correspondence, write 65 (€2)) for the non-vanishing even
theta constant on Cy corresponding to the partition (J), where Q) € &,
is the period of Cy w.r.t. a certain symplectic basis of Hi(C),Z).

Theorem
There is a constant C(g) depending only on g such that for all
A € €612\ div(A),

7o (Ymoyv,) = (&) [0y ()]

where |6, 5, ()| is the Petersson norm of the theta constant 0 (£2y).

v
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Is M() = M()" in GL(CE1)\Mg, 1 5,5(C)/(C*)5+2 7
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Is M() = M()" in GL(CE1)\Mg, 1 5,5(C)/(C*)5+2 7

Reamrk For Enriques Calabi-Yau threefolds X(s g) = (S x E)/(1 x —1),
we have the following relation: Up to a universal constant,

mBcov (X(s,6)) = TEnr(S) Cren(E) 1
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Is M(3) = M(Y)" in GL(CE1)\Mg, 1 55,45(C)/(C1)6+2 7

Reamrk For Enriques Calabi-Yau threefolds X(s g) = (S x E)/(1 x —1),
we have the following relation: Up to a universal constant,

mBcov (X(s,6)) = TEnr(S) Cren(E) 1

What is the relation between the BCOV invariant of higher dimension
(Eriksson-Freixas-Mourougane) and the invariant Tgy,?
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Is M(3) = M(Y)" in GL(CE1)\Mg, 1 55,45(C)/(C1)6+2 7

Reamrk For Enriques Calabi-Yau threefolds X(s g) = (S x E)/(1 x —1),
we have the following relation: Up to a universal constant,

mBcov (X(s,6)) = TEnr(S) Cren(E) 1

What is the relation between the BCOV invariant of higher dimension
(Eriksson-Freixas-Mourougane) and the invariant Tgy,?

If Tenr is equivalent to Tgcoy for the Enriques g-folds associated to
hyperelliptic curves of even genus and if mirror symmetry at genus 1 holds
true in higher dimension, then hyperelliptic even theta constants admits an
infinite product expansion analogous to Borcherds products. (g = 2 case:
Kawaguchi-Mukai-Y.)
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Enriques manifolds of Oguiso-Schroer |

S : Enriques surface (compact Kahler, Ks % Os, Kgﬁ =~ s, q(S) =0)

S : universal covering K3 surface of S
X = Hllb”(S) . symplectic resolution of the symmetric product 5"/&,
e: X = §"/&, : resolution (Hilbert-Chow morphism)

Fact (Beauville)
X is a hyperkahler 2n-fold such that
° h(X)=23
o (H*(X,Z),qeBr) = An == Lk3 & (=2(n — 1))

o (—2(n— 1)) is generated by the 1/2 of exceptional divisor E of
e: X —=5"/6,

o Auto(X) = {1}

where L3 :=U @ U @ U@ Eg @ Eg is the K3-lattice and (k) is the
one-dimensional lattice (7, kx?).
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. S — S : non-trivial covering transformation

7: X — X : involution induced by ¢

H?(X,Z)+ : +1-eigenlattice of the -action on H?(X,Z)
Set

M:=TUQ2) & Es(2) @ (—2(n—1)), N:=TUeaU(2)® Eg(2).

Fact (Oguiso-Schroer)

@ nodd =Y := X/t is a simple Enriques 2n-fold of hyperkahler type
o H>(X,Z)L = M, H?(X,Z)_ = N

v
Theorem

There is a constant C,, depending only on odd n such that

n+1

s (HiD"(8)/7) = G, |2(S)]7S

for every Enriques surface S, where ||®(S)|| is the Petersson norm of the
Borcherds ®-function evaluated at the period of S.

V.
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Enriques manifolds of Oguiso-Schroer Il

S : Enriques surface, S : universal covering K3 surface of S

M3 := U(—1) © Lks : the Mukai lattice such that H(S,7Z) = Ms
v =(w,v1,v) € H(S,Z), H : ample line bundle on S.
My (v) : moduli of H-stable torsion free coherent sheaves E on S with

Mukai vector v(E) := ch(E)y/Td(S) = v

If vi is a primitive vector of H(S,Z) with v2 > 0 and H is sufficiently
general, then My(v) is a hyperkahler manifold of dimension v? + 2.

Fact (Yoshioka)

My(v) is deformation equivalent to Hilb""/ 241(S). In particular,
Auto(My(v)) = {1}.

Ken-Ichi Yoshikawa (Kyoto University)

Enriques 2n-folds and Analytic Torsion

September 5, 2018 31/33



. S — S : non-trivial covering transformation
¢ : involution on My(v) induced by ¢

Fact (Oguiso-Schroer)

If v is v-invariant and x(E) is odd, then © is free from fixed points and
Mu(v) /7 is a simple Enriques manifold with

H2(My(v),Z)_ = H3(S,Z)_ = U & U(2) @ Eg(2).

Theorem

| A

There is a constant Cix) depending only on the deformation type [K] of
My (v)/t such that for every Enriques surface S

2+4

TEnr (M S H) /j — C[/C] ||¢( )| oo
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Enriques manifolds of Oguiso-Schroer Il

S : Enriques surface
Y := Hilb"(S) : Hilbert scheme of 0-dim subschemes Z C S, 1g(Oz) = n

Fact (Oguiso-Schroer)

Y is a simple Enriques 2n-fold of Calabi-Yau type.

There is a constant C], depending only on n > 1 such that

o (Hilb(S)) = Cl) ()] 7% .

Ken-Ichi Yoshikawa (Kyoto University)

Enriques 2n-folds and Analytic Torsion

September 5, 2018



	A theorem of Borcherds
	Simple Enriques 2n-folds
	Analytic torsion of Calabi-Yau 2n-folds and hyperkähler manifolds
	Holomorphic torsion invariant of Enriques 2n-folds
	Quasi-affinity of the moduli space
	Automorphy of Enr : hyperkähler type case
	Simple Enriques 2n-folds associated with (2,…,2)-complete intersections
	Simple Enriques 2n-folds associated with Enriques surfaces

