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Plan of the talk

©® Background and motivation (surveyal):
Variation of Néron—Tate heights for families of elliptic curves after

Silverman, Tate, Masser—Zannier, DeMarco-Wang—Ye ...
® From elliptic curves to dynamical systems

® Arithmetic properties of families of Hénon maps:
Definition of a Hénon map, a height on the parameter space, the

set of periodic parameter values, unlikely intersection ...
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Drawn by Qfract.
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Part 1 Variation of Néron—Tate

heights on elliptic curves

Variation of Néron—Tate heights
(For simplicity, we consider elliptic curves. For the general case of

abelian varieties, see e.g. Call '89, Green 89, Holms-de Jong '15, "17)
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Part 1 Variation of Néron—Tate

heights on elliptic curves
Variation of Néron—Tate heights

(For simplicity, we consider elliptic curves. For the general case of

abelian varieties, see e.g. Call '89, Green 89, Holms-de Jong '15, "17)

m: & — B is an elliptic surface defined over a number field K,
B is a smooth projective curve
E; := 7~ Y(t) is a smooth elliptic curve
except for finitely many ¢t € B(K).
Define B° C B to be the maximal Zariski open subset over which 7 is

smooth.

Assume that 7 has a section O : B — &, which we regard as zero

section.
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Variation of Néron—Tate heights (continued)
£ — B: an elliptic surface over a number field K
with zero section O : B — &

K is equipped with absolute values satisfying the product formula.
So is the function field K (B) of B
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Variation of Néron—Tate heights (continued)
£ — B: an elliptic surface over a number field K

with zero section O : B — &

K is equipped with absolute values satisfying the product formula.

So is the function field K (B) of B

~» We have Néron Tate heights  (n: generic point of B)

e hp, : By(K) — R~y on each fiber E; for t € B°(K)

. /h\,gn 1 E(K(B)) — R>p on the generic fiber &,

5/ 40



Variation of Néron—Tate heights (continued)
£ — B: an elliptic surface over a number field K

with zero section O : B — &

K is equipped with absolute values satisfying the product formula.
So is the function field K (B) of B

~» We have Néron Tate heights  (n: generic point of B)

e hp, : By(K) — R~ on each fiber E; for t € B°(K)

. /h\,gn 1 E(K(B)) — R>p on the generic fiber &,

Let P : B — £ be a section.

Set P, :=P(t) for t € B°(K) £ Ey
How hp, (FP;) and he, (P;) are related? /’K
! P
B L
t
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Variation of Néron—Tate heights (continued)

& — B: an elliptic surface

over a number field K € B
Py 4
! P
B ®
t

Theorem (Silverman ’83, Tate '83)
Let P : B — & be a section with /f;gn (Py) # 0.

Let hp be a height on B(K) associated to a degree 1 divisor. Then

i, (P) = he, (Py) h(t) + O(V/hp(t))  for any t € B°(K).

The error term O(\/hp(t)) is replaced by O(1) if B = PL.
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Variation of Néron—Tate heights (continued)

Assume B = P!, for simplicity of explanation.

£ — P': an elliptic surface over a number field K with zero section
hsta : PH(K) — R~y standard logarithmic Weil height

P:P! - & asection with ﬁgn (Py) #0
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Variation of Néron—Tate heights (continued)

Assume B = P!, for simplicity of explanation.

£ — P': an elliptic surface over a number field K with zero section
hsta : PH(K) — R~y standard logarithmic Weil height

P:P! - & asection with ﬁgn (Py) #0

Results of Silverman and Tate assert that

hi, (Py) = he, (Py) heta(t) + O(1)  for any ¢ € (P1)°(K).
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Variation of Néron—Tate heights (continued)

Assume B = P!, for simplicity of explanation.

£ — P': an elliptic surface over a number field K with zero section
hsta : PH(K) — R~y standard logarithmic Weil height

P:P! - & asection with ﬁgn (Py) #0

Results of Silverman and Tate assert that
hi, (Py) = he, (Py) heta(t) + O(1)  for any ¢ € (P1)°(K).

We put  hp = hig, (P)/he,(P,)  for t € (P1)°(K).
Then

hp = haa +O(1)  on (PY(K).
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Variation of Néron—Tate heights (continued)

Assume B = P!, for simplicity of explanation.

£ — P': an elliptic surface over a number field K with zero section
hsta : PH(K) — R~y standard logarithmic Weil height

P:P! - & asection with ﬁgn (Py) #0

Results of Silverman and Tate assert that
hi, (Py) = he, (Py) heta(t) + O(1)  for any ¢ € (P1)°(K).

We put  hp = hig, (P)/he,(P,)  for t € (P1)°(K).
Then

hp = haa +O(1)  on (PY(K).

Question  What if ¢ ¢ (P1)°(K)? (That is, what if E; is singular?)
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Variation of Néron—Tate heights (continued)

Theorem (DeMarco-Mavraki 17+ based on Silverman ’92, '94)

Let & — P! be an elliptic surface over a number field K with zero
section. Let P : P! — € be a section with ﬁgn (Py) #0. Set

hp(t) =i, (P) /he,(Py)  fort € (P)°(EK).

Then hp is the restriction of a semipositive adelically metrized line
bundle Lp = (Op1 (1), {|| - l}) on P! (in the sense of Zhang).
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Variation of Néron—Tate heights (continued)

Theorem (DeMarco-Mavraki 17+ based on Silverman ’92, '94)

Let & — P! be an elliptic surface over a number field K with zero
section. Let P : P! — € be a section with ﬁgn (Py) #0. Set

hp(t) = hi,(P)/he,(P,)  fort e (P1)°(K),

Then hp is the restriction of a semipositive adelically metrized line
bundle Lp = (Op1(1),{|| - lo}) on P (in the sense of Zhang).

e Theorem says that hp extends “nicely” to t ¢ (P1)°(K) (That is,
for t with singular Ej).
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Variation of Néron—Tate heights (continued)

Theorem (DeMarco-Mavraki '17+ based on Silverman ’92, ’94)

Let & — P! be an elliptic surface over a number field K with zero
section. Let P : P! — € be a section with ﬁgn (Py) #0. Set

hp(t) = hi,(P)/he,(P,)  fort e (P1)°(K),

Then hp is the restriction of a semipositive adelically metrized line
bundle Lp = (Op1(1),{|| - lo}) on P (in the sense of Zhang).

e Theorem says that hp extends “nicely” to t ¢ (P1)°(K) (That is,
for t with singular Ej).

e The base curve need not be P'. DeMarco Mavraki showed that for
any elliptic surface £ — B (B a smooth projective curve), hp is the

restriction of a semipositive adelically metrized line bundle on B.
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Application to unlikely intersection of Masser—Zannier
Let £ = {y%2 = 2(x — 2)(x — t2)}

Legendre family of elliptic curves over ¢t € P!,

(At t =0,1,00, E; is singular) z

For a € Q\ {0,1}, £ !

consider a section P, : Pt — &, Pa(t) 4
t— ((a: a(a—l)(a—t):l),t). ! P,

S(P,) == {t € Q| P,(t) is torsion on E;}  pl °

={teQ|hp,(t) =0}
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Application to unlikely intersection of Masser—Zannier
Let £ = {y%2 = 2(x — 2)(x — t2)}

Legendre family of elliptic curves over ¢t € P!,

(At t = gl, oo, Fy is singular) £,
For a € Q\ {0,1}, &
consider a section P, : Pt — &, Pa(t) 4
t— ((a: a(a—l)(a—t):l),t). ! P,
Y(Py) :={t € Q| P,(t) is torsion on E;}  pl °
= {t Q| hp, (1) =0} ’f
Note: 3(P,) is an infinite set (Masser—Zannier).
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Application to unlikely intersection of Masser—Zannier
Let £ = {y%2 = 2(x — 2)(x — t2)}

Legendre family of elliptic curves over ¢t € P!,
(At t =0,1,00, E; is singular)
For a € Q\ {0,1}, £
consider a section P, : Pt — &, Pa(t) 4

t— ((a: a(a—l)(a—t):l),t). ! P,
Y(Py) :={t € Q| P,(t) is torsion on E;}  pl °
={t€ Q| hp,(t) =0}

Note: 3(P,) is an infinite set (Masser—Zannier).

Theorem (Masser—Zannier '08, ’10, '12)

Let a,b € Q\ {0,1}. If there are infinitely many parameter values

t € Q such that both P,(t) and Py(t) are torsion points on E; (i.e., if
Y (Pa) NE(Py) is an infinite set), then a = b.
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Application to unlikely intersection of Masser—Zannier
(continued)
DeMarco-Wang-Ye 14 give an alternate proof of MasserZannier’s

theorem.
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Application to unlikely intersection of Masser—Zannier
(continued)

DeMarco-Wang—Ye 14 give an alternate proof of Masser—Zannier’s
theorem.

o Let € = {y?2 = z(z — 2)(x — tz)} — P! be the Legendre family.
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Application to unlikely intersection of Masser—Zannier
(continued)
DeMarco-Wang—Ye 14 give an alternate proof of Masser—Zannier’s
theorem.
o Let € = {y?2 = z(z — 2)(x — tz)} — P! be the Legendre family.
e For a € Q)\ {0, 1}, the section P, : P! — &,
t— ((a :vala—1)(a—t): 1),t) has 715,7(73&,7) # 0.
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Application to unlikely intersection of Masser—Zannier
(continued)
DeMarco-Wang-Ye 14 give an alternate proof of MasserZannier’s
theorem.

o Let € = {y?2 = z(z — 2)(x — tz)} — P! be the Legendre family.

e For a € Q\ {0,1}, the section P, : P! — &,

tis (( . Vala —1(a—1) : 1),t) has e, (Pay) # 0.
o X(P,) :={t| Pa(t) torsion on Ei} = {t | hp,(t) = 0}.
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Application to unlikely intersection of Masser—Zannier
(continued)
DeMarco-Wang—Ye 14 give an alternate proof of Masser—Zannier’s
theorem.
o Let € = {y?2 = z(z — 2)(x — tz)} — P! be the Legendre family.
e For a € Q)\ {0, 1}, the section P, : P! — &,
tis (( . Vala —1(a—1) : 1),t) has he, (Pay) # 0.
o X(P,) :={t| Pa(t) torsion on Ei} = {t | hp,(t) = 0}.
e Since hp, = hm with semipositive adelically metrized line bundle
Lp,, one can use the equidistribution theorem (such as Yuan. In
[DeMarco—Wang—Ye], they use Baker—Rumely "06.).
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Application to unlikely intersection of Masser—Zannier
(continued)

DeMarco-Wang-Ye 14 give an alternate proof of MasserZannier’s
theorem.

o Let € = {y?2 = z(z — 2)(x — tz)} — P! be the Legendre family.

e For a € Q\ {0,1}, the section P, : P! — &,

t— ((a cyala—1)(a—t): 1),t) has ?Lgn(Pan) # 0.

o X(P,) :={t| Pa(t) torsion on Ei} = {t | hp,(t) = 0}.

e Since hp, = hm with semipositive adelically metrized line bundle
Lp,, one can use the equidistribution theorem (such as Yuan. In
[DeMarco—Wang—Ye], they use Baker—Rumely "06.).

o If |[X(P,) NX(Py)| = 00, then equidistribution theorem implies
that c1(Lp, )y = c1(Lp, )y for any v € M.
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Application to unlikely intersection of Masser—Zannier

(continued)

DeMarco-Wang-Ye 14 give an alternate proof of MasserZannier’s

theorem.

Let £ = {y?2 = x(x — z)(z — tz)} — P! be the Legendre family.
For a € Q)\ {0,1}, the section P, : P! — &,

t— ((a cyala—1)(a—t): 1),t) has ?Lgn(lpan) # 0.

Y (Py) :={t | Pa(t) torsion on E;} = {t| hp,(t) = 0}.

Since hp, = hm with semipositive adelically metrized line bundle
Lp,, one can use the equidistribution theorem (such as Yuan. In
[DeMarco—Wang—Ye], they use Baker—Rumely "06.).

If |X(P,) N X(Py)| = oo, then equidistribution theorem implies
that c1(Lp, )y = c1(Lp, )y for any v € M.

Then hzo = hq, Y(Pa) = X(Py), and (with more arguments)

a=b.
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Plan of the talk

©® Background and motivation (surveyal):
Variation of Néron—Tate heights for families of elliptic curves after
Silverman, Tate, Masser—Zannier, DeMarco-Wang—Ye ...

® From elliptic curves to dynamical systems

® Arithmetic properties of families of Hénon maps:
Definition of a Hénon map, a height on the parameter space, the

set of periodic parameter values, unlikely intersection ...
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Part 2 From elliptic curves to
dynamical systems

Canonical heights
FE' is an elliptic curve over a number field K
L = 0Og([0]), hz is any height function associated to L
2]: B — E  twice multiplication map. Note that [2]*(L) & L®%.
Néron-Tate height kg : E (K) — R>q is defined by
hp(P) = lim —hy([2]"P)
4'I’L

n—oo
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Part 2 From elliptic curves to
dynamical systems

Canonical heights
FE' is an elliptic curve over a number field K
L = 0Og([0]), hz is any height function associated to L
2]: B — E  twice multiplication map. Note that [2]*(L) & L®%.
Néron-Tate height kg : E (K) — R>q is defined by

hp(P) = lim —hy([2]"P)

n—o0 4"
In place of (E,[2],Og([0])), this construction of a height is generalized
to the case (X, f, L)
(continued . ..)
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Canonical heights (continued)
X is a projective variety over a number field K
L is an ample line bundle over X
hr, is any height function associated to L
f: X — X amorphism
Assume that f*(L) = L% for some d > 1
Such a triple (X, f, L) is called a polarized dynamical system
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Canonical heights (continued)
X is a projective variety over a number field K
L is an ample line bundle over X
hr, is any height function associated to L
f: X — X amorphism
Assume that f*(L) = L% for some d > 1
Such a triple (X, f, L) is called a polarized dynamical system

Canonical height h 71 X(K) — Ry is defined by

Rp(P) = lim —hy(fP)

n—oo d"
(Call-Silverman 93, Zhang '95)

Néron—Tate height is when (X, f, L) = (E, [2], Og([0])).
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Torsion points, preperiodic points

f: X — X a morphism over a field K

A point P € X(K) is periodic if f*(P) = P for some n > 1
P € X(K) is preperiodic if f™(P) is periodic for some m > 1

° -0
preperiodic

g perlodlc
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Torsion points, preperiodic points

f: X — X a morphism over a field K

A point P € X(K) is periodic if f*(P) = P for some n > 1
P € X(K) is preperiodic if f™(P) is periodic for some m > 1

° -0
preperiodic

g perlodlc

For an elliptic curve E, it is easy to see that a point P € E(K) is

torsion if and only if P is preperiodic under [2].
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Torsion points, preperiodic points (continued)

For an elliptic curve E over a number field K

{torsion point} = {preperiodic point under [2]}
= {P € E(K) | hg(P) = 0}
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Torsion points, preperiodic points (continued)

For an elliptic curve E over a number field K

{torsion point} = {preperiodic point under [2]}
= {P € E(K) | hg(P) = 0}

4

In a polarized dynamical system (X, f, L), in place of torsion points,

we consider
{preperiodic point under f} = {P € X(K) | hf( ) =0}

(The equality follows from Northcott’s finiteness theorem.)
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Families (continued)

E

Pt * /‘ Pt *

T T
B° (parameter space) B° (parameter space)
elliptic surface polarized dynamical system
torsion point preperiodic point

torsion on E;} preperiodic under f;}

Néron—Tate height canonical height
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Families (continued)

Baker-DeMarco obtained the the first result in a dynamical setting.

P! x A' = Al ((20: 21),t) — ¢
fPLx Al 5 PLx AL ((20:21),t) = ((23 + 22 : 23),1)
a constant section a : Al — P! x Al ¢t ((a:1),1)
Y(a) := {t € Al | (a: 1) is preperiodic under f;}

(20 : 21) € P! O Ji of
Pl X Al a *
a
fi(z0:21) = (22 +t23 1 2%) t +

.
A' (parameter space)
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Families (continued)

fi(z0 0 21) = (28 + t2% 1 23)

S(a) = {t € AL(C)
| (a: 1) is preperiodic under f;} (a:1) 4
Note: ¥(a) is an infinite set. P a

Al (parameter space)
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Families (continued)

fi(z0:21) = (zg +t2?: 23)

S(a) = {t € AL(C)

| (a: 1) is preperiodic under f;} (a:1) 4

Note: ¥(a) is an infinite set. P a
°

A'! (parameter space)

Theorem (Baker—DeMarco '11)

Let fi(z) = 22 4t. Let a,b € C. Suppose that there exist infinitely many
t € C such that a and b are both preperiodic under f;. Then a® = b?.
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Families (continued)

fi(z0:21) = (zg +t2?: 23)

S(a) = {t € AL(C)

| (a: 1) is preperiodic under f;} (a:1) 4

Note: ¥(a) is an infinite set. P a
°

A'! (parameter space)

Theorem (Baker-DeMarco '11)

Let fi(z) = 22 4t. Let a,b € C. Suppose that there exist infinitely many
t € C such that a and b are both preperiodic under f;. Then a® = b?.

e This answered a question of Zannier. The assumption says that
#(X(a) N X(b)) = co. Using equidistribution theorem, they show
Y (a) = X(b). Properties of the Botthcher coordinate then imply
2 _ 2
a® =b".
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More comments on Baker-DeMarco’s theorem

e Further generalizations (in relation to the dynamical Pink—Zilber
conjecture) have been obtained by Baker—DeMarco,
Ghioca—Hsia—Tucker, Favre—Gauthier, DeMarco—-Wang—Ye ...

e Families of rational maps of P! have been mostly studied. Our

talk is about families of higher-dimensional maps.
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Plan of the talk

® Background and motivation (surveyal):
Variation of Néron—Tate heights for families of elliptic curves after

Silverman, Tate, Masser—Zannier, DeMarco-Wang—Ye ...
® From elliptic curves to dynamical systems
® Arithmetic properties of families of Hénon maps:
Definition of a Hénon map, a height on the parameter space, the

set of periodic parameter values, unlikely intersection ...
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Part 3 Arithmetic properties of

families of Hénon maps
Hénon maps
A?:  affine plane
A Hénon map over a field K is an automorphism of the form
H:A? = A%, H(z,y) = oy + f(2),2)
for some § € K \ {0} and f(z) € K[x] with d := deg(f) > 2.

The inverse is given by

1
H': A= A% H o' (2,y) = <y, (= f(y))>
Note: H extends to a birational map H : P? --s P2, but not an

isomorphism.
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Hénon maps (continued)

Some remarks on Hénon maps

e Hénon 76 showed that a Hénon map has a strange attractor.
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Hénon maps (continued)

Some remarks on Hénon maps

e Hénon 76 showed that a Hénon map has a strange attractor.

o If §in H(z,y) = (dy + f(x),x) is very small (nearly 0), then the

map looks like

(,y) = (f(z),2) = (f*(2), f(2)) — ...

So, Hénon maps are more complicated than one-variable

polynomial maps.
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Hénon maps (continued)

Some remarks on Hénon maps

e Hénon 76 showed that a Hénon map has a strange attractor.

o If §in H(z,y) = (dy + f(x),x) is very small (nearly 0), then the
map looks like

(,y) = (f(z),2) = (f*(2), f(2)) — ...

So, Hénon maps are more complicated than one-variable
polynomial maps.

e Friedland Milnor ‘89 showed that any automorphism F : A? — A?
over C is, up to conjugacy of Aut(C?), either triangularizable or
the composition of Hénon maps. (Dynamically, triangularizable
maps are not interesting.) So, the class of Hénon maps consists of
a fundamental class of plane automorphisms.
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Hénon maps (continued)

e Hénon maps over C are deeply studied in Bedford-Smilie "91,
Fornaess—Sibony 92, Hubbard —Oberste-Vorth ‘94 among from the

vast literature.

23 / 40



Hénon maps (continued)

e Hénon maps over C are deeply studied in Bedford-Smilie "91,
Forneess—Sibony 92, Hubbard —Oberste-Vorth 94 among from the

vast literature.

e Arithmetic properties of Hénon maps are also studied. To my best

knowledge, they are first studied by Silverman '94.
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Hénon maps (continued)

e Hénon maps over C are deeply studied in Bedford-Smilie "91,
Fornaess—Sibony '92, Hubbard —Oberste-Vorth '94 among from the
vast literature.

e Arithmetic properties of Hénon maps are also studied. To my best
knowledge, they are first studied by Silverman '94.

e For a Hénon map H(z,y) = (y,0x + f(z)), up to conjugacy of

Aut(K), we may assume that f(z) is monic.
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Canonical heights for Hénon maps
Hénon maps are not polarized dynamical systems,

but one can define canonical heights for Hénon maps
e (): an algebraically closed field complete with respect to an
absolute value | - |
e ||(ay,...,an)| := max;{|a;|}
e log™(r) :=logmax{r,1} for r € R
e H: A2 - A% a Hénon map over (2, P e A%(Q)

Definition (Green functions on A?((2))

1 1
G (P):= lim d—log+ |H™(P)|, Gx(P) = lim d—log+ |H—"(P)||

n——+oo d" n——+oco d"

Gy (P) = max{G(P), G (P)}
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Canonical heights for Hénon maps (continued)
H:A?> - A% a Hénon map over a number field K
For each place v € Mg with absolute value |- |,,

K,: completion of K with respect to |- |,

K,: completion of an algebraic closure of K,

We have the v-adic Green function

Gua = max{G')[Lv./ GI_J.,L'} : AQ(KU) — R>p

Definition (canonical height)

hi: A2 (K) = Rso, hg(P) = Y nGuo(P)
veEMgK

Here n, is the usual normalizing constant.
For example, if p | v, then n, = [K, : Q,]/[K : Q].
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Canonical heights for Hénon maps (continued)

H : A’ — A”: a Hénon map of degree d > 2 over a number field K.
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Canonical heights for Hénon maps (continued)
H : A’ — A”: a Hénon map of degree d > 2 over a number field K.
~ We have defined
o Gy A*(K,) — R>q (v-adic Green function)
GHy(P) := max {hm log™ |H™(P )H,limdin log™ ||H_"(P)||}
e When K, = C, the Green function is extremely useful in Bedford—
Smilie '91, Farnaess—Sibony ’92, Hubbard—Oberste-Vorth "94.
o hy: A2(K) — R=>( (canonical height), hy(P) = > very "G H
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Canonical heights for Hénon maps (continued)
H : A’ — A”: a Hénon map of degree d > 2 over a number field K.
~» We have defined

o Gy A*(K,) — R>q (v-adic Green function)
GHy(P) := max {hm log™ |H™(P )H,limdin log™ ||H_"(P)||}

e When K, = C, the Green function is extremely useful in Bedford—
Smilie '91, Farnaess—Sibony ’92, Hubbard—Oberste-Vorth "94.

o hy: A2(K) — R=>( (canonical height), hy(P) = > very "G H

Theorem (K- 06, "13)
©® The limits defining Gp . exist for all v € M.

(2] EU = hgtq + 0(1) on AQ(F)
@ {periodic point under H} = {P € A%(K) | huy(P) = 0}

Note: Hénon maps are automorphisms, so preperiodic = periodic.
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Families (our setting)
K a number field, 6 € K \ {0},
fi(xz) € K[t,x] monic in z, degree d > 2 in x
A? x A 5 AL ((z,y),t) — t
H A% x Al — A% x AL ((z,9),t) = ((6y + fi(z),2),t)
a section P: Al — A% x ALt ((a(t),b(t)),?)
Y(P) = {t € AY(K) | P, = (a(t),b(t)) is periodic under H;}

H H
(z,y) € A? o ©

t € A! (parameter space)
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Families (continued)
K: a number field

A2 o

Py

!

I

P

t € Al (parameter space)

OH
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Families (continued) ) o H, OH
K: a number field A

P

! P

t € Al (parameter space)

~» We have canonical heights  (n: generic point of A!)

o hy, : A2(K) — R~ for each t € AY(K)

o Ny, t A*(K)(K(t)) — R>o on the generic fiber A%
Let P : Al — A? x A! be a section with 77:7-[7, (P,) # 0. Set

hp(t) == ha,(Py)/ha, (Py)-

Question 1 Is hp : AY(K) — R a “nice” height function?
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Families (continued)

K: a number field A2 O Hy OH
Pty (Pn) 70 ey
. P

t € Al (parameter space)
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Families (continued)

K: a number field A2 O Hy OH
Pty (Pn) 70 ey
. P

t € Al (parameter space)

Theorem (Hsia—K)
hp is the restriction of the height function associated to a semipositive

adelically metrized line bundle (Op1 (1), {]| - lo}) on P! (in the sense of
Zhang).

Remark
Ingram 14 showed a Silverman-Tate type estimate
hi, = hy o (Py)hsta + O(1) on A'(K). (His result is more general, and

the base curve need not be P'.)
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Families (continued)

K: a number field A2 O Hy OH
hat, (Py) # 0 o
v E Mg

. P

t € Al (parameter space)
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Families (continued)

K: a number field A2 O Hy OH
hat, (Py) # 0 o
v E Mg

. P

t € Al (parameter space)
Gp.: AYK,) = Rsg, Gp.o(t) == Gu,(P)
Kp.o = {t € AYK,) | {H"(P:)}nez is bounded}
Wp, = {t € AY(K,) | (H"(P), H"(F))|| = +oo}

lim ||
n—-4o00

30 / 40



Families (continued)
K: a number field

hag, (Py) #0
v E Mg

t € Al (parameter space)

GP#U: Al (KU) — Rzo, GP,’L‘ (t) = GHt,U(Pt)
Kp.o = {t € AYK,) | {H"(P:)}nez is bounded}
Wpo = {t € AY(Ky) | Tim |[[(H"(P), H™"(P))|| = +o0}

Proposition (Hsia—K)

® hp = CZUGJ\/{K n,Gp,, with ¢ := EH,] (Py) € Qso.
® Kp, ={te AYK,) | Gpo(t) =0}
(3] Al(Kv) - }CP,U II WP,U
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Example
H = (Hy): A? = A%, (2,9) = (y+ 22 +t,2)
(family of quadratic Hénon maps parametrized by t)
Py : At = A% x Al £+ ((0,0),t) a constant family of initial points
K,0),c = {t € C| {H{*((0,0))}nez is bounded}
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Example
H=(H): A2 = A% (z,9)— (y+ 22 +t,2)
(family of quadratic Hénon maps parametrized by t)
Py : At = A% x Al £+ ((0,0),t) a constant family of initial points
Ko,0),c = {t € C|{H{((0,0))}nez is bounded}

‘i : v

Figure: |[Re(t)| < 0.1, [Im(¢)| < 0.1 31/ 40



The set ¥(P) of periodic parameter values

K: a number field
ha, (Py) # 0

Y(P) := {t € AY(K)

AZ

O Hy
ey
L P

t € Al (parameter space)

OH

) | P; is periodic under H;}

Here, we have a phenomenon that was not observed in families of

one-dimensional dynamics.

Y(P) may not be an infinite set.
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Result on infiniteness of X(P)
K a field (of any characteristic)

H(z,y) = (oy + fe(z),x) A?
S(P) = {t € AYK)
| P; is periodic under H;}

t € A! (parameter space)

Inspired by Dujardin-Favre’s result on the dynamical Mordell-Lang
conjecture for plane automorphisms, we consider a reversible Hénon
map. Thus we assume that § = +1 and that, if § = 1, then f;(z) is an
even polynomial in z. Then, via the involution ¢: (z,y) — (—dy, —dz),
we have

toHor=H1L

Further ¢ has the fixed curve C' = {z + dy = 0} in A2
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Result on infiniteness of ¥(P) (continued)

K a field (of haracteristi

a field (of any characteristic) 2 o H, O H
N(P) = {t € AYK) :

| P; is periodic under H;} 1 P

t € Al (parameter space)

Theorem (Hsia—K)

We assume that 6 = £1 and that, if § = 1, then fi(z) is an even
polynomial in x. If the family of initial points P = (a(t),b(t)) lie on the
fized curve of the involution v: (z,y) — (—dy, —dz), i.e.,

a(t) + 0b(t) = 0, then X(P) is an infinite set.

Example

Let H(x,y) = (y + 22 +t,z). Then, for any a € K, |3((a, —a))| = cc.
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Result on finiteness/emptyness of 3(P)
As a complimentary result, we point out that X(P) can be the empty

set.
Proposition (Hsia—K)

We consider the family of quadratic Hénon maps over C
H(z,y) = (y +2° + t,z).

Let b € C, and assume that b & Z. Then
¥((0,b)) := {t € AY(K) | (0,b) is periodic under H;} = 0.

Example
We have %((0,1/2)) = (), while |X((a, —a))| = oo for any a € C.
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P = (0,0) near t = 0. (Rigt) nlarged 107 times. [S(P)]

P =(0,1/2) near t = 0.1 (Right)renlarged 10° times. X(P)=10
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Unlikely intersection
K: a number field
Y(P) = {t € A}(K)
| P; is periodic under Hy}

‘We have instances
that 3(P) is infinite.

A2 o

P, i

L P

t € Al (parameter space)

OH
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Unlikely intersection

K: a number field A2 O Hy OH
S(P) = {t € AHK) Pt
| P; is periodic under Hy} L )
We have instances
that ¥(P) is infinite. t € A! (parameter space)

Let Q: Al — A2 x Al be another section with iNLHn(Qn) #0.
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Unlikely intersection
K: a number field
Y(P) = {t € A}(K)
| P; is periodic under Hy}

‘We have instances
that 3(P) is infinite.

Let Q: Al — A2 x Al be another section with iNLHn(Qn) #0.

AQ

t € Al (parameter space)

O Hy

P

!

0

P

OH

We would like to consider when there are infinitely many parameter

values t such that both P; and (); are periodic under Hy.
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Unlikely intersection

K: a number field A2 O Hy OH
Y(P) = {t € A}(K) j2) t
| P; is periodic under Hy} L )
We have instances
that ¥(P) is infinite. t € A! (parameter space)

Let Q: Al — A2 x Al be another section with iNLHn(Qn) #0.
We would like to consider when there are infinitely many parameter
values t such that both P; and (); are periodic under Hy.
Recall that we have shown
o hp(t) :=hy, (P,) /ﬁq{n (Py) is the restriction of the semipositive
adelically metrized line bundle Lp := (Op1 (1), {|| - || }2)-
e X(P) = {t € AYR) | hp(t) = O},
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Unlikely intersection (continued)
hp: AYK) — R defined by hp(t) := ha,(Py)/hy, (Py)
We have hp = ¢ cpr,. noGp o with ¢ = 1/hH (Py) >0
Y(P) := {t € AY(K) | P, is periodic under H;}
= {t € AY(K) | hp(t) = 0}
Theorem (Hsia-K)
Assume that 3(P) and X(Q) are infinite.
Then the following are equivalent.
0 X(P)NX(Q) is infinite. Namely, there are infinitely many periodic
values t such that P; and Q¢ are both periodic under Hy.

® X(P)=%(Q)
® Gp,=Gg, forallve Mg.
® hp =ho.
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Unlikely intersection (continued)

Proof uses Yuan’s equidistribution theorem. (Or, as the parameter
space is 1-dimensional, so we can also use equidistribution theorem due
to Autisser, Thuillier, Chambert-Loir, Baker—Rumely,

Favre-Rivera-Letlier .. .).
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Unlikely intersection (continued)

Proof uses Yuan’s equidistribution theorem. (Or, as the parameter
space is 1-dimensional, so we can also use equidistribution theorem due
to Autisser, Thuillier, Chambert-Loir, Baker—Rumely,

Favre-Rivera-Letlier .. .).

Indeed, suppose that X(P) N X(Q) is infinite.
Let {z,}n>1 be a sequence of distinct points with {z,,} C X(P)N3(Q).
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Unlikely intersection (continued)

Proof uses Yuan’s equidistribution theorem. (Or, as the parameter
space is 1-dimensional, so we can also use equidistribution theorem due
to Autisser, Thuillier, Chambert-Loir, Baker—Rumely,

Favre-Rivera-Letlier .. .).

Indeed, suppose that X(P) N X(Q) is infinite.

Let {z,}n>1 be a sequence of distinct points with {z,,} C X(P)N3(Q).
Since {p}n>1 has height 0 with respect to hp = hz, the
equidistribution theorem implies that, as n — oo, the Galois orbit of
x,, will be equidistributed on P!(KK,) with respect to the measure

c1(Lp)y for any v € M.
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Unlikely intersection (continued)

Proof uses Yuan’s equidistribution theorem. (Or, as the parameter
space is 1-dimensional, so we can also use equidistribution theorem due
to Autisser, Thuillier, Chambert-Loir, Baker—Rumely,

Favre-Rivera-Letlier .. .).

Indeed, suppose that X(P) N X(Q) is infinite.

Let {z,}n>1 be a sequence of distinct points with {z,,} C 3(P)NX(Q).
Since {p}n>1 has height 0 with respect to hp = hz, the
equidistribution theorem implies that, as n — oo, the Galois orbit of
x,, will be equidistributed on P!(KK,) with respect to the measure
c1(Lp)y for any v € M.

The same holds for hg = hz, and we obtain ¢; (Lp)y = c1(Lo)y-
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Unlikely intersection (continued)

Proof uses Yuan’s equidistribution theorem. (Or, as the parameter
space is 1-dimensional, so we can also use equidistribution theorem due
to Autisser, Thuillier, Chambert-Loir, Baker—Rumely,

Favre-Rivera-Letlier .. .).

Indeed, suppose that X(P) N X(Q) is infinite.

Let {z,}n>1 be a sequence of distinct points with {z,,} C 3(P)NX(Q).
Since {p}n>1 has height 0 with respect to hp = hz, the
equidistribution theorem implies that, as n — oo, the Galois orbit of
x,, will be equidistributed on P!(KK,) with respect to the measure
c1(Lp)y for any v € M.

The same holds for hg = hz_, and we obtain ¢, (Lp)y = c1(LQ)y-

It follows that Gp, = Gg, for all v € Mk, and hp = hg. Then

Y(P) =%(9).
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Unlikely intersection (continued)
For a family of one-variable dynamics, using the Bottcher coordinate

function, one can obtain more presice orbital relation of P and O.
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Unlikely intersection (continued)

For a family of one-variable dynamics, using the Bottcher coordinate
function, one can obtain more presice orbital relation of P and O.
For a family of Hénon maps, the argument based on the Bottcher
coordinate function does not seem to be extended. We ask the

following question.
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Unlikely intersection (continued)

For a family of one-variable dynamics, using the Bottcher coordinate
function, one can obtain more presice orbital relation of P and O.
For a family of Hénon maps, the argument based on the Bottcher
coordinate function does not seem to be extended. We ask the

following question.

Question

Suppose that hp = hg. Then does there exist an automorphism

o : A% — A? over A! and a positive integer m > 1 with

o toHm oo =H"or o toH™ oo =H ™ such that Q = H"(a(P))

for some n > 17
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